We demonstrate evidences of electronic transport via topological Dirac surface states in a thin film of strained HgTe. At high perpendicular magnetic fields, we show that the electron transport reaches the quantum Hall regime with vanishing resistance. Furthermore, quantum Hall transport spectroscopy reveals energy splittings of relativistic Landau levels specific to coupled Dirac surface states. This study provides new insights in the quantum Hall effect of topological insulator (TI) slabs, in the cross-over regime between two-and three-dimensional TIs, and in the relevance of thin TI films to explore novel circuit functionalities in spintronics and quantum nanoelectronics.
h , where N is the LL index. In topological insulator slabs, however, two surface states of extension w have to be considered and are separated by a thickness t. When the wave functions of the two surfaces do not overlap (t w), they are only connected at the boundaries of the sample [4] and the transport properties are obtained by summing the distinct contributions of each surface. The Hall conductance σ xy = (N top + N bottom + 1)
h is then expected where N top and N bottom are the LL index for the top and bottom surfaces, respectively. In this regime, integer filling factors ν have been observed in relatively thick strained HgTe [5] [6] [7] and Bi-based [8, 9] topological insulators. By decreasing t down to w, the two surface states start to overlap giving rise to a non-negligible hybridization energy ∆ [10] [11] [12] and the transport then occurs through states delocalized between the two surfaces. Degenerate Dirac LLs are then expected to emerge at high B with energies scaling as √ N B. Moreover, additional dispersive couplings between the two surfaces are expected to lift the LL degeneracy with an energy splitting linear in B [12, 13] . While of orbital nature, this splitting reveals the microscopic coupling of spin and orbital degrees of freedom in the Dirac Landau levels. Therefore analysing the energy gaps of both odd and even filling factors and their B-dependences provides a powerful tool to reveal the Dirac surface states of a thin topological insulator slab. Decreasing further t would result in the opening of a large gap in the surface states and the emergence of the quantum spin Hall phase [11] [12] [13] [14] .
In this letter, the magneto-transport properties of strained HgTe thin films at high magnetic fields are investigated. We study films with a thickness of about 15 nm, characterized by two tunnel-coupled surfaces, where electron transport is solely mediated by surface charge carriers. The quality of the material allows reaching the quantum Hall regime with vanishing resistance for magnetic field larger than 1.5 T. At higher magnetic fields, nondegenerate Landau levels are observed. By analysing the temperature dependence of the magneto-conductance, a clear difference of the energy gaps corresponding to odd and even filling factors is noticed and is consistent with a Landau level energy spectrum characteristic of two coupled Dirac surfaces.
We investigate top-gated Hall bars (see Fig.1 (a)) fabricated from a 15 nm-thick HgTe layer surrounded by two 30 nm-thick Hg 0.3 Cd 0.7 Te barriers and grown on a (100) CdTe substrate. Particular attention to lower the defects present in the HgTe layer and to obtain sharp HgTe / Hg 0.3 Cd 0.7 Te interfaces was paid during the structure growth [15] (see Fig.1 (b) ). Two different structures with similar thickness were grown and gave very similar results. The Hall bar is 40 µm long and 10 µm wide. A top gate covering the Hall bar enables to change the carriers from holes to electrons as illustrated by the density sign inversion in Fig.1 (c) .
In HgTe layers, the light hole band Γ 8,LH band is lying 0.3 eV above the Γ 6 . Such an inverted band structure at the Γ point results in topological surface states, robust to the presence of the heavy hole band Γ 8,HH [16] . At zero at low perpendicular magnetic fields with the voltage Vgate applied on the gate. In a one-carrier model, the density n is equal to
where e is the charge of an electron. Vgate adjusts n in the range of order of 10 11 cm −2 . The red dashed line corresponds to a fit, which allows to extract the depleting factor of the gate α equal to ∼ 5. magnetic field and close to the charge neutrality point, the longitudinal resistance R xx presents a peak at gate voltage V DP (see Fig. 1 (d) ), whose amplitude depends on the size of the sample and can be as low as 1 kΩ for Hall bars of 1 micrometer [17] . We conclude that the structure has a metallic behavior as expected for electron transport through surface states.
To probe the nature of the surface state carriers, we analyse the Hall bar magneto-conductance at high perpendicular magnetic fields and at a temperature of 100 mK. Shubnikov-de Haas (SdH) oscillations on R xx and quantized plateaus on the Hall resistance R xy are observed (see Fig. 2 (a) and (b)) and point at the emergence of LLs in the structure. Both B and the top gate voltage V gate allow controlling the filling of individual LLs. Indeed, the carrier density n is directly related to B and V gate through n = αV gate = ν eB h where α is the depleting factor of the gate (see Fig. 1 (c) ). Derived from the extracted electron density at low B, the expected positions of the R xx minima are represented by the black dashed lines in Fig. 2 (a) . They are reproducing properly the minima of the fan diagram considering only odd filling factors on the hole-side (V gate ≤ V DP ) and both even and odd integers on the electron-side (V gate ≥ V DP ), in agreement with the corresponding quantized plateaus on the R xy mapping on Fig. 2 (b) .
At B = ± 3 T, the quantum Hall regime is achieved on the electron-side with vanishing resistance and Hall conductance plateaus corresponding to integer filling factors (see Fig. 3 ). Such observations are strong signatures that there is no extra bulk contribution to the transport in the electron-regime in contrary to what is observed in thicker samples [5] [6] [7] . On the hole-side, σ xy plateaus corresponding to odd filling factors are observed with σ xx no longer completely vanishing. Moreover, it is worth noticing that σ xx is characterized by broader peaks than on the electron-side.
The observed differences between holes and electrons are explained by the coupling of the surface states with the heavy hole Γ 8,HH bulk band. From the band structure of strained HgTe [16] , the Γ 8,HH band is expected to efficiently couple to the hole part of the surface states. This coupling opens up scattering channels resulting in the broadening of σ xx peaks. As a consequence, a larger magnetic field is needed on the hole-side to resolve the observed spin splitting on the electron-side. Whereas the ν=2 plateau is obtained for |B| larger than ∼ 1.5 T with a clear separation of the R xx maxima into two distinct branches (see Fig. 2 (a) ), additional measurements allow detecting the ν = -2 plateau on the hole-side only when B equals 5.5 T [17] . We can thus conclude that only one set of fan diagrams, associated to the same surface state on both electron-and hole-sides, is observed in the quantum Hall regime. Moreover, the degeneracy of the Landau levels is lifted for a 15 nm-thick HgTe topological film at high perpendicular magnetic fields.
To gain knowledge on the nature of the Landau levels, we analysed the temperature dependence of the magnetoconductance at high fields [18] [19] [20] . In such a procedure, the energy difference between LLs is estimated via thermal activation. More precisely, the temperature dependence of the longitudinal resistance R xx minima is fitted using the Arrhenius law (see Fig. 4 (a) for ν = 1): R min xx
where ∆E is the activation energy gap, k B the Boltzmann constant and T the temperature. This analysis has only been performed on the electronside since the influence of the Γ 8,HH bulk band on the hole-side changes drastically with temperature [17] . We first focus on odd filling factors where two successive LLs have different orbitals (see Fig. 4 (b) and (c)). We clearly observe non-regular energy separations between the successive LLs. Indeed, they decreases with N and increases non-linearly with B (mostly noticed for the ν = 1 gap). Both observations are in qualitative agreement with a Dirac-like LL energy spectrum scaling as √ N B. The resulting energy gaps for even filling factors do not show the same behavior (see Fig. 4 (d) ). Indeed, the activation energy gaps for all these LLs are similar and linear with B. The slope 2β has been estimated to be [21, 22] .
To quantitatively model the energy gaps for odd and even filling factors, we consider an effective low-energy model of a thin 3D topological insulator: two Dirac surface states of opposite chirality v f τ z (σ x .k y −σ y .k x ) coupled by a k-dependent hopping amplitude of (
where v f is the surface state band velocity equal to 5.10 5 m.s −1 in our structures [16] . This coupling is purely of orbital nature, it does not depend on spins and originates from the overlap of the two surface states that opens a constant gap ∆ and introduces a quadratic
hopping amplitude [12] . In these conditions, we obtain the following LL energy spectrum with β = e 2M explained in further details in ref [17] .
While of orbital nature, the term βB acts as an effective Zeeman energy and is fixed by the analysis of the even filling factor energy gaps performed in the previous paragraph. This spectrum evidences a splitting of each orbital LL due to the presence of the quadratic term. It is worth noting that for a vanishing overlap between the two surfaces both the gap and the quadratic term go to zero and one should observe only odd filling factors [12] . The results of this model for the estimated v f are presented in Fig. 4(b) , (c) and (d) through the solid red lines. To obtain a good agreement between the data and the model for all energy gaps, we need to take into account the width of the Landau level Γ as a constant offset in energy, estimated to 3 meV from the SDH oscillations on the electron-side [17] . Nevertheless, for ν = 1, the model requires a three times larger Γ (solid red line in Fig. 4 (c) ) that can be explained by the proximity in energy of the Γ 8,HH band [17] . These analysis point at the Dirac nature of the surface-state carriers of strained HgTe thin films.
In conclusion, we have shown that the quantum Hall regime with vanishing longitudinal resistance is achieved in 15 nm-thick strained HgTe layers. Dirac carriers are revealed via quantum Hall spectroscopy and propagate solely through states delocalized between the top and bottom topological surfaces of the HgTe slab. The overlap between the surface states results in the mixing between the two Dirac species thus in the splitting of the Landau levels. Dirac-surface-restricted transport opens the route towards the realization of topological circuits based on strained HgTe thin films, with potential applications in quantum nanoelectronics [23] and spintronics [24] .
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Supplementary materials: Revealing topological Dirac fermions at the surface of strained HgTe thin films via Quantum Hall transport spectroscopy.
In the main text of this letter, we have presented the results obtained on a first sample (called sample 1) fabricated from a 15 nm-thick HgTe layer surrounded by two Hg 0.3 Cd 0.7 Te barriers on a (100) CdTe substrate. These supplementary materials aim to complete the analysis by, first of all, adding information about the metallic behavior of the longitudinal resistance at zero magnetic field, the Landau level splitting as well as the Landau level broadening. To do so, experimental results from a second sample (called sample 2), fabricated from another 15 nm-thick HgTe layer, are presented and discussed. It is worth noting that the two samples have been made using the same growth and nanofabrication recipes. Finally, a model describing the hybridization origin of the Landau level splitting is also developed thus providing the justification of the observed integer quantization. With such contents, these supplementary materials aim to strengthen our experimental investigation of thin films of strained HgTe 3D topological insulators.
LONGITUDINAL RESISTANCE Rxx AS A FUNCTION OF THE HALL BAR LENGTH
The gate dependence of R xx was measured at zero magnetic field for several Hall bars with lengths L ranging from 1 to 40 µm keeping the aspect ratio constant. All the Hall bars considered in this section were fabricated from sample 2. Similar observations were performed on sample 1. Figure 5 displays R xx as a function of the gate voltage for B=0 T and for T lower than 100 mK. For all the bars, R xx evolves the same way as a function of the gate voltage V gate and exhibits a maxima at the Dirac point (DP) for V gate = V DP . Resistance maxima are to first approximation increasing with L from 1 kΩ to 25 kΩ. This witnesses a non-ballistic transport suggesting a metallic behaviour of the surface states for which the resistance value is governed by scattering disorder potential. These observations are inconsistent with quantum spin Hall effect expected for thin HgTe topological quantum wells [1] . It is worth noting some divergences in the resistance of Hall bars of same dimensions. 
EXPERIMENTAL EVIDENCE OF THE LANDAU LEVEL SPLITTING IN THE HOLE-SIDE
In the main text, Hall bar magnetoconductance measurements were presented for magnetic fields up to 3 T where quantization between electron-and hole-side differs. All integer filling factors were observed in the electron-side whereas only odd ones for holes. Additional measurements have been performed for magnetic field values B up to 5.5 T on sample 2.
In this section, the Hall bar of interest is characterized by a length L = 8 µm and a width W = 2 µm. Supplementary Fig. 6 displays the longitudinal resistance R xx as well as the Hall resistance R xy as a function of B and V gate for T = 100 mK. Quantum Hall effect is also well-defined for this sample with vanishing minima of R xx directly associated with plateaus of R xy . Using the same analysis than in the main text of the letter, the black dashed lines represent the expected filling factors from the low-magnetic field Hall measurement. These two mappings unambiguously evidence the appearance of the ν = −2 plateau for B ≥ 5 T. This is emphasized on Supplementary Fig. 7 where two traces of σ xy for both B=3 T and B=5.3 T are displayed. A very clear and well-defined ν = −2 plateau exists for B=5.3 T whereas for B=3 T the quantization in the hole side jumps from -1 to -3.
The observed difference in the required magnetic field to resolve the Landau level splitting in the hole-and electronside is explained by the presence of the Γ 8,HH bulk band. It results in the enlargement of the Landau level (LL) width in the hole-side and, in comparison with the electron-side, it then requires larger magnetic fields to resolve the even filling factors. 
Rxx TEMPERATURE DEPENDANCE
Quantum Hall effect measurements have been performed for temperatures going from the mK range to several Kelvins. In the main text, such analysis is used to extract the activation gap energy ∆E for odd and even filling factors presented in Fig. 4 . Supplementary Fig. 8 displays typical R xx of sample 1 as a function of the gate voltage for the different temperatures. The energy gap ∆E associated to each filling factors are evidenced as R xx minima. As expected, these resistance minima are increasing with temperature. One can notice that they are still visible at 20 K in the electron-side while they disappear around T= 4 K in the hole-side. Such difference is interpreted as the impact of the Γ 8,HH bulk band on the hole-side. Such thermally activated behavior in the electron-side is fitted using Arrhenius law and evidences the Dirac nature of the charge carriers. 
LANDAU LEVEL BROADENING
In the main text, Landau level broadening Γ estimation is used to analyse the conditions of appearance of the splitting for both electron-and hole-sides. As explained in [2] and [3] , the analysis of the Shubnikov-de Haas (SdH) oscillation amplitude as a function of the magnetic field allows to obtain values of LL broadening through the determination of the quantum scattering lifetime τ q :
where ∆R xx is the amplitude of the SdH oscillations, R 0 is the resistance background of the oscillations, γ th describes the temperature effect on the LL broadening, and w c = eB m * is the cyclotron frequency. The cyclotron effective mass m * value is prior determined from the analysis of the SdH oscillation amplitude as a function of the temperature [4] as explained in the following subsection.
Estimation of the carrier cyclotron effective mass
The cyclotron effective mass can be extracted from the temperature dependence of the SdH oscillation analysis using the Lifshits-Kosevich (LK) formula:
with k B the Boltzmann constant. The curve of ∆R xx (T )/∆R xx (T = 0.4K) (see Fig. 9(b) ) is fitted using the red dashed line demonstrating m * value of about 0.027 ± 0.004 m 0 . However, such fit is not so accurate. This is mainly due to the lack of data at larger temperatures but as can be seen in Fig. 9(a) , oscillations for T larger than 10 K are difficult to resolve for small B. Due to this issue, determination of m * is difficult in our structures. Similar study, but in the hole-side, is presented in Fig.9(c) and (d) . In this regime, the SdH oscillations disappear very quickly with temperature and are no more distinguishable above 3.4 K. This behavior is attributed to the influence of the Γ 8,HH bulk band. To properly estimate m * in this regime, we consider only T from 0.4 to 1 K, range of T for which the oscillations are the best defined. Amplitude dependence of SdH oscillations is reported in Fig.9(d) and considerably differs from what has just been reported for electrons. No saturation is visible at the lower temperatures, but on the contrary a striking increase is noticeable. Such a behavior can not be fitted by a standard metallic LK model. The coupling with bulk Γ 8,HH states in the hole regime is expected to be at the origin of this particular feature.
Nevertheless, it is possible to have an idea of the carrier cyclotron effective mass in our HgTe structures by using analogy with graphene. Due to a linear energy spectrum, one expects a zero effective mass for Dirac fermions. However, as already reported for graphene [5] , Dirac fermions rest mass is zero but not the cyclotron mass. Note that SdH oscillation amplitude dependence with temperature gives directly access to this cyclotron mass [4] . However, standard definition for m * relies on energy second derivative and is only adapted for materials defined with parabolic dispersion. An alternative definition has been developed for materials with linear dispersion law [6] :
This relation directly links the cyclotron effective mass m * and the carrier density n. Fig. 10 displays the evolution of m * , expected from the density variation (see Fig. 1(c) in main text) , as a function of V gate . Note the red square which represents the effective mass estimated just before. These two methods appear to give consistent results. Therefore, we will use relation 5 to determine m * thereafter. 
Estimation of the LL broadening
Due to a non negligible bulk contribution in the hole-side, the LL broadening estimation method of equation 3 has only been performed in the electron-side where amplitude of SdH oscillations only depends on the surface state properties. τ q is then directly related to Γ through Γ = 2τq . Figure 11 (a) presents the evolution of R xx as a function of the inverse of the magnetic field 1/B for V gate = 0 V at T = 0.4 K. The red dots represent both the maxima and the minima which define an envelope function. ∆R xx is extracted from the difference between successive maxima and minima and R 0 results from the mean value of these extrema. Figure 11 (b) displays the evolution of ∆R xx /R 0 as a function of 1/B in a logarithmic scale. The red dashed line represents the linear fit to the data using equation 3. The extracted value of τ q provides direct access to the broadening value here equal to 3.91 ± 0.04 meV.
The same analysis has been performed for several values of V gate . Figure 12 (a) displays the extracted values of electron-side broadening Γ e . Note that the broadening is decreasing with V gate and thus with density n. This behavior is due to the variations of m * with n and is consistent with R xx mapping of Fig. 2 (a) (see main text) Indeed, we can see that the closer are the LLs from the Dirac point, the more important is the magnetic field value at which the splitting appears. This is especially visible with the ν = 2 plateau appearing for |B| ≥ 1.5 T while ν = 4 shows up at larger gate voltage value for |B| ≥ 1.0 T.
To have an estimation of the broadening in the hole-side, we have fitted N = 1 and N = −1 LL peaks with a Gaussian distribution to extract the full width at half maximum (see inset of Fig. 12(b) ). Figure 12(b) demonstrates the difference through the ∆V gate values between hole and electron peaks. With a ratio of about 3.7, the hole broadening Γ h has been estimated to be larger than 11 meV. More precise determination of Γ h is complicated as it also depends on the gate voltage. Supplementary Fig. 13 summarizes on the same diagram all the relevant energy scales discussed in the letter. All the energy gaps ∆E of both odd and even filling factors for different magnetic fields discussed in Fig. 4 (see main text) are displayed as squares. The color bands correspond to the Landau level broadening Γ e and Γ h extracted in the previous section. If the energy gaps are smaller than Landau level broadening, they can not be resolved by the quantum Hall transport spectroscopy. This diagram suggests the appearance of even filing factors in the electron side for B e ≥ 2.4 T and in the hole side for B h ≥ 6.3 T. Such values are consistent in term of ratio with experimental data for which B e and B h were estimated around 1.5 T and 4.5 T respectively. 
MODEL AND ORIGIN OF THE LANDAU LEVEL SPLITTING

Model
We consider a thin layer of topological insulator material, with two parallel surfaces indexed by τ z = +1 for the top (T) and τ z = −1 for the bottom (B) surface. The effective Hamiltonian for the surface states reads
where v f is the Fermi velocity of the surface states and σ x , σ y describes Pauli matrices acting on the spin Hilbert space while τ α acts on the T/B space. The first term describes the Dirac dispersion relation for the top and bottom surface states with opposite chirality (the spin winds in opposite ways around the Fermi surface), while ∆/2 − ( k) 2 /2M is a momentum dependent tunneling between the two surfaces, and V the chemical potential difference between the surfaces. The band structure corresponding to this model is symmetric with respect to E = 0, and reads
where
Hence the degeneracy of the Landau levels N of the two relativistic surfaces corrected by the non-relativistic couplings is lifted by a splitting ± ω/2 (±β in the notation of the main text). The N = 0 Landau level was initially not degenerate. Note that while this splitting is not of magnetic origin, it is linear in magnetic field, and can be viewed as an "effective Zeeman splitting" originating from the k 2 dependence of hybridization term between the Top and Bottom surface [7] . Such Landau energy spectrum is represented in Supplementary Fig. ? ?.
Nature of the "Landau Level Splitting"
When V = 0 and in the limit ∆ → 0, ω = 0 the reduced Hamiltonian (12) reads
The corresponding Laudau eigenstates are (in the gauge we have chosen): 
